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C O M P R E S S I V E  S T R E N G T H  O F  M A T E R I A L S  

M. M. M u z d a k b a e v  a n d  V. S. N i k i f o r o v s k i i  UDC 539.4 

A s ta te  of c o m p r e s s i o n  in m a t e r i a l ,  r ocks ,  machine  p a r t s ,  and s t ruc tu ra l  e lements  is evidently ve ry  
common.  As a m e a s u r e  of this s ta te ,  the concept  of uniaxial  c o m p r e s s i v e  s t reng th  was in t roduced  and con-  
s ide red  as a fundamental  c h a r a c t e r i s t i c  of the ma te r i a l .  One might  also suppose that  a ma t e r i a l  is f r ac tu red  
when the m a x i m u m  tangential  s t r e s s  r eaches  the b reak ing  point, which turns  out to be half  as l a rge  as the 
c o m p r e s s i v e  s t rength.  It should be noted that  the c o m p r e s s i v e  s t rength  depends r a the r  s t rongly  on many fac -  
t o r s ,  including the shape  of the s am p l e ,  its d imensions  and volume,  and end conditions [1, 2]. E x p e r i m e n t e r s  
long ago concluded that  the uniaxial  c o m p r e s s i v e  s t r eng th  is not a c h a r a c t e r i s t i c  of the m a t e r i a l  [3, 4]. Actu-  
al ly,  the desc r ip t ion  of the f r ac tu re  pa t t e rns  of  s amp le s  r e co rded  so fa r  [2, 3, 5] with the fo rmat ion  of oblique 
f r a c t u r e  su r f aces  or  su r f aces  of discontinuity by a coaxial  c o m p r e s s i v e  load can m o r e  probably  be  re la ted  to 
the shea r  or  t ens i l e  s t r e s s e s  than to the c o m p r e s s i v e  load. In addition, exper imenta l  and theore t ica l  s tudies 
have shown that  in t e s t s  which at f i r s t  g lance s e e m  s imple ,  the pa t te rn  of the s t r e s s e d  s ta te  is complex ,  not 
one-d imens iona l ,  and va r i e s  with the exper imenta l  conditions [6-9]. 

A number  of r e su l t s  w e r e  obtained in [9] f r o m  a study of the s t r e s s e d  s ta te  of a s amp le  under  plain s t r a i n  
by invest igat ing the effects  of d imens ions ,  the co r r e l a t i on  of p rope r t i e s ,  and the ro le  of the inse r t s .  

In the p r e sen t  p a p e r  we p r e s en t  a numer ica l  study of the s ta te  of s t r e s s  of tubular  s amples  and cons ider  
ce r t a in  c h a r a c t e r i s t i c  fea tu res  which a r e  in te res t ing  and impor tan t  f r o m  the point of view of understanding the 
s igni f icance  of c o m p r e s s i v e  s t rength.  The calcula t ion was p e r f o r m e d  by the method of finite e lements ,  using 
t r i a n g u l a r - s h a p e d  e lements  [10]. In a c r o s s  sec t ion  of a tubular  s amp le  along a mer id iona l  plane shown in 
Fig. 1, D and d a r e  the outside and inside d i a m e t e r s ,  L is the length of the s amp le ,  and L 1 is the length of the 
inse r t s .  The  d iv is ion into e lements  is shown in the upper  s y m m e t r i c  half  ABFE. The s t r e s s e d  s ta te  is  c h a r -  
ac t e r i zed  by the four  components  of the s t r e s s  t enso r  az ,  a r ,  ~0, and Trz. Since the pa t t e rn  is s y m m e t r i c  
with r e s p e c t  to a q u a r t e r  of the cyl inder  (O0' is the axis of s y m m e t r y  and AB is t h e p l a n e  of s y m m e t r y ) ,  we 
se t  up and solve the p rob l em  for  the reg ion  ABFE. We fo rmula te  the following boundary conditions: 

v = 0 ,  ~ n = O ;  z = L / 2 ,  d l 2 . ~ r < D / 2 ;  

u = O, v = r z = L, d/2 ~ r < D / 2 ;  (1) 

~ z =  O, % = O; r = d/2, DI2, L/2 .~  z < L. 
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Fig. 1 

The f i r s t  of boundary  condit ions (1) denote the condit ions in the plane of s y m m e t r y  z = L / 2  over  the 
whole th ickness  of the sample .  At the upper  end z = L the d i s p l a c e m e n t  v = const ,  u = 0 is  in the v e r t i c a l  d i -  
r e c t i o n  only; he r e  u and v a r e ,  r e s p e c t i v e l y ,  the hor izon ta l  and v e r t i c a l  components  of the  d i s p l a c e m e n t  of 
points .  The l a t e r a l  faces  a r e  s t r e s s - f r e e .  It should be noted that  spec i fy ing  no hor i zon ta l  d i s p l a c e m e n t s  of 
points  on the upper  boundary between the s amp le  and the p r e s s u r e  p la te  is  a l imi t ing  case .  Actua l ly ,  t he re  is 
some  s l ippage .  N e v e r t h e l e s s ,  this  in tent ional ly  c rude  fo rmula t ion  of the p r o b l e m  enables  us to s ee  and u n d e r -  
s tand the effect  of the nonuniformity  of the p a t t e r n  m o r e  quickly.  

F ig~ re  2 shows the s t r e s s  f ie ld  in s a m p l e s  with the d i a m e t e r  of the b a s e  D equal to the length L, D / d  = 
3.7, and Young's  modulus E = 5 �9 105 k g / c m  2 and P o i s s o n ' s  r a t i o  v = 0.15 for  the  m a t e r i a l  (marble) .  The curves  
a r e  i s o b a r s  - l ines  of equal s t r e s s .  The so l id  curves  ind ica te  c o m p r e s s i v e ,  the dashed telLsile, and the da shed -  
dot cu rves  ze ro  va lues  of the s t r e s s  components  er~ z, ere ~ ,  0 and 0 r r z ,  r m a  x as p e r c e n t a g e s  of the ave rage  v e r -  
t i ca l  s t r e s s  ~ j  = ~ij 1 0 0 / ~ z ;  the r eg ion  of normM tens i l e  s t r e s s e s  is shaded.  The nonurAformity o f t h e s t r e s s e d  
s t a t e  appea r s  in a l l  components .  Thus,  the  v e r t i c a l  s t r e s s  ~z is  somewhat  l a r g e r  on the outs ide  d i a m e t e r  and 
s m a l l e r  on the ins ide  than the a v e r a g e  s t r e s s  near  the end; in the c e n t r a l  p a r t  the p a t t e r n  is opposi te ,  with the 
s t r e s s  being l a r g e r  on the ins ide  and s m a l l e r  on the outs ide.  The r a d i a l  err and az imuthal  er0 no rma l  compo-  
nents and the tangent ia l  r r z  component  of the s t r e s s  t e n s o r  a r e  nonzero.  Two fea tu re s  a r e  noted: a) The con-  
cen t r a t i ons  of M1 these  s t r e s s e s  occur  nea r  the end in the v ic in i ty  of the bounding su r face ;  b) t h e r e  is a change 
in s ign  of the no rma l  s t r e s s e s  in the cen t r a l  p a r t  of the  s amp le  and an app rec i ab l e  g rad ien t  of the tmngential 
component  nea r  the end at the outs ide  d i a m e t e r .  

These  two facts  must  be noted in anMyzing the p o s s i b l e  f r a c t u r e  mechan i sm.  Study of the i s o b a r s  shows 
that  f r a c t u r e  in v e r t i c a l  p lanes  coax ia l  wi th  the c o m p r e s s i o n  is r eMly  not pa r adox ica l  as noted in [11]; t he re  
is a r e a l  r e a s o n  - e longat ion in the r a d i a l  and az imuthal  c r o s s  sec t ions .  On the d i a g r a m  of the i s o b a r s  of the 
m a x i m u m  tangent ia l  s t r e s s  

t 

t h e r e  is  a r eg ion  of concen t ra t ion  and l a r g e  g rad ien t s  nea r  the end at the outs ide  d i a m e t e r .  The p a t t e r n  is  
nonuniform for  al l  components  ove r  the  whole volume of the sample .  

The effect  of the  ends on one another  d e c r e a s e s  as the ve r t i cM d imens ion  is i nc rea sed ;  the end zones 
b r e a k  up and c e a s e  affect ing one another .  Loca l i za t ion  of the zones ends for  L ~ 2D, and s imul t aneous ly  with 
th is  it  is impor t an t  to note the following fea tu res  (Fig. 3, L = 2D, D / d  = 3.7, E = 5.105 k g / c m  2, v = 0.15). 
The end zone occupies  only the upper  p a r t  of the pa t te rn ;  in the middle  p a r t  the ve r t i cM component  is  c lo se  
to the a v e r a g e  -value, the r a d i a l  and azimuth<qJ n o r m a l  components  and the tangent ia l  component  a r e  c lose  to 
ze ro ,  with the r ad i a l  and az imutha l  s t r e s s e s  being weak ly  pos i t i ve  (tensile) in a b road  c e n t r a l  zone; the m a x i -  
mum tangent ia l  s t r e s s  in the un i fo rm zone is c lo se  to half  the a ve r a ge  value of the v e r t i c a l  s t r e s s ,  as it  should 
be. T h e r e  is a c e r t a i n  i n c r e a s e  in the nonul~Aformity of the pa t t e r n  in the end zone; the err, ~0, r r z ,  and p a r -  
t i c u l a r l y  the r m a x  s t r e s s  concen t ra t ions  a r e  i n c r e a s e d ,  if only s l ight ly .  

It is  known f rom e x p e r i m e n t s  that  the l imi t ing  value in uniaxia l  c o m p r e s s i o n  is d e c r e a s e d  and s t ab i l i zed  
as the v e r t i c a l  d imens ion  is i nc r ea sed .  Many r e l a t e  this  s t ab i l i z a t i on  for  L > 2D to the appea rance  of a zone 
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Fig. 2 

of uniform s t ress .  As noted above, as L is increased f rom D to 2D, end zones appear ,  b reak  up, and cease  
to affect  one another; a uniform zone is organized,  and at f i rs t  glance the des i red  resu l t  is obtained by a change 
in geometry .  However,  a simultaneous insignificant increase  in the concentrat ion of Tmax, the formation of 
extensive zones of normal  tensi le  s t r e s s e s ,  and the experimental  resu l t  of the f rac ture  of samples  f rom the 
plane of the p r e s s u r e  plates f rom the outside region,  i .e. ,  f rom the region of nonuniform s t r e s s  or along ve r -  
t ical  planes,  also a re  the cause of a weak nonuniformity in the centra l  part .  F r o m  these compar isons  we can 
conclude that the tendency toward uniformity of the pat tern  has not been confirmed: the dec rea se  in the b reak-  
ing s t rength  can be re la ted to the inc rease  in the concentra t ion of rma x and the change in the nature of the 
f rac tu re  with the appearance of elongation in ver t ical  c ross  sections as a new cause. A dec rease  in D / d  leads 
to the same  resul t  as an inc rease  in the length of the sample.  

One way of decreas ing  the end effect and obtaining a uniform s t r e s s  field is to reduce fr ict ion on the 
ends by using a lubricant  appropr ia te  to the shape and proper t ies  of the inser ts .  In using tubular steel  inser ts  
having the shape of the sample ,  the uniformity of the s t r e s sed  state  of the sample  is actually increased,  as 
shown in F i g . ' 4 ,  w h e r e L / D  = 2, L 1 / D  = 1, D / d  = 3.7, E 1 = 5" 105 k g / c m  2, E 2 = 2.1.106 k g / c m  2, v t = 0.15, 
and v 2 = 0.27. The inser ts  are  shown as regions II of Fig. lb; AB is the plane of s y m m e t r y  and 0 0 '  is the axis 
of symmet ry .  The finite elements  a re  dec reased  in s ize  on the sur face  of separa t ion  CD between the sample 
and the inser t  just  as in the end zone. The tendency, noted above, for the s t r e s s  field to change with an in- 
c r ea se  in length of the sample  is observed.  In this si tuation the s t r e s sed  state  in the sample  is pract ica l ly  
uniform; the ver t ica l  component is c lose  to the average value; the radial  and azimuthal normal  components and 
the tangential  component of the s t r e s s  field a re  close to zero  except in a narrow zone close to the contact  with 
the insert .  In this zone Tmax is nonuniform, and in the inser t  i tself  the si tuation is as descr ibed above with a 
formed end zone in which the s t r e s s  concentrat ion is somewhat higher than in the adjacent zone. This must  be 
re la ted to the l a rge r  Po i s son ' s  ra t io  (0.27 instead of 0.15) r a the r  than to the tendency to inc rease  with an in- 
c r ea se  in the length of the sample.  Different eases  a re  possible  on the s a m p l e - i n s e r t  boundary,  s ince for the 
same  deformat ion of different  mater ia ls  differences in the radial  er and azimuthal e0 s t ra ins  appear because 
o f  different  values of Young's modulus and Po i s son ' s  ratio.  

A very  interest ing situation is observed when the inser ts  are  soft and easi ly deformed.  In this case  the 
sample general ly  does not f rac tu re  along slip planes,  but along ver t ical  planes paral le l  to the direct ion in 
which the load acts. The act ion of such an inser t  is opposite that for a r igid fastening. Since the inser t  is de-  
formed more  s t rongly in the t r a n s v e r s e  d i rec t ion it will d rag  the sample along with it by fr ict ion and give r i se  
to elongation. The inser t  i tself  will be appreciably compressed .  Figure  5 shows patterns of isobars  for L = D, 
L 1 = 0.05L, D/d = 3.7, E I = 5" 105 k g / c m  2, E 2 = 5.103 k g / c m  2, v 1 = 0.15, and i) 2 = 0 . 4 5  (of ,  Fig. 1, where  
region H is lead). The qualitative changes of all the components of the s t r e s s  tensor  are  par t icu lar ly  note- 
worthy.  Thus, the zones in Fig. 2 where  the s t r e s s e s  are  below and above the average value of the ver t ical  
component have exchanged places.  The signs of the radial  and azimuthal  normal  components and the tangential 
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component are also changed. The concentration of maximum tangential stress has increased. While the con- 
centration of Tmax increased only slightly, the zone where ~r and ~9 are tensile stresses now occupies practi- 
cally the whole sample; the amplitudes, although relatively small, have increased several times. The transi- 
tion from one form of fracture to another is therefore quite natural. 

265 



Our calculat ions and cons idera t ions  show that  a s imp le  exper imen t  on uniaxial  c o m p r e s s i o n  turns  out to 
be  r a t h e r  compl ica ted  f r o m  the point of view of analys is .  The s t r e s s e d  s ta te  of a s amp le  is essent ia l ly  non- 
un i form,  and the f r a c t u r e  conditions a r e  sa t i s f i ed  f i r s t  in the nonuniform region of the pa t t e rn  near  the  p r e s -  
s u r e  p la tes  of the tes t ing  machine.  As a r e s u l t  the uniaxial  c o m p r e s s i v e  s t rength  is a convenient technical  
s t r eng th  c h a r a c t e r i s t i c  of a s t ruc tu ra l  s am p l e  r a t h e r  than a c h a r a c t e r i s t i c  of the ma te r i a l .  
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C O N V E C T I V E  EFFECTS I N  L I Q U I D  I N C L U S I O N S  D R I F T I N G  

I N  N O N U N I F O R M L Y  H E A T E D  S O L I D S  

Y u .  K.  B r a t u k h i n  UDC548.5:536.2 

w We will  cons ider  a l iquid-f i l led spher i ca l  cavi ty  in an infinite solid mass .  The liquid d isso lves  the 
surrounding m a t e r i a l  and under  equi l ib r ium conditions is a sa tu ra ted  solution of concentra t ion  C 0. At infinity 
let  t he r e  be  a constant  hor izonta l  t e m p e r a t u r e  gradient  VTe = A. Under these  conditions in the gravi ta t ional  
field g f r ee  convect ive  mot ion develops  in the liquid. 

We a s s u m e  that  the mot ion is slow and steady; solid phase  can c r y s t a l l i z e  out of the supe r sa tu ra t ed  solu-  
t ion only at the in te r face  between the inclusion and the mat r ix ;  the d issolving of the solid in the liquid does not 
lead to a change in the volume of the la t te r ;  the t h e r m a l  diffusion and diffusion heat -conduct ion effects  a r e  
negligible [1]. All the p a r a m e t e r s  (kinematic and dynamic  v i scos i ty  coeff ic ients  v and ~, t h e r m a l  conductivity 
~ ,  t h e r m a l  diffusivi ty y~ and diffusion coeff ic ient  D) of  the liquid and the solid a r e  constant .  The solubil i ty C O 
and the liquid densi ty  p depend l inear ly  on t e m p e r a t u r e  T. We a s s u m e  that  the densi ty  also depends on the con-  
cen t ra t ion  C, defined as the ra t io  of the m a s s  of solid m a t e r i a l  pe r  unit volume of solution to the m a s s  of that 

volume: 

p(T, C) ---- p(To, Co)J1 + a ( C  - -  Co)  - -  ~ ( r  - -  r , ) l ,  

Co(T) = C . ( r 0 ) +  (dC.,'dT)(T- TQ). 

The nonuniform heat ing of the wal ls  of the cavi ty  leads  to the d issolving of the hot te r  pa r t s  of the solid 
and subsequent  diffusive and convect ive  m a s s  t r a n s f e r  to the cooler  reg ions ,  w h e r e t h e  so lu t ion is  supe r sa tu ra t ed  

Perm'. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnlcheskoi Fiziki, No. 2, pp. 160-166, 
March-April, 1978. Original article submitted March 15, 1977. 
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